We present a dynamical measurement of the tangential motion of the Andromeda system, the ensemble consisting of the Andromeda Galaxy (M31) and its satellites. The system is modelled as a structure with cosmologically-motivated velocity dispersion and density profiles, and we show that our method works well when tested using the most massive substructures in high-resolution Λ Cold Dark Matter (ΛCDM) simulations. Applied to the sample of 40 currently-known galaxies of this system, we find a value for the transverse velocity of 164.4 ± 61.8 km s −1 (v East = -111.5 ± 70.2 km s
INTRODUCTION
Determining accurately the motion of the M31 system with respect to the Milky Way is fundamental for constraining the mass, dynamical history and the future evolution of the Local Group (LG). The line-of-sight velocity of M31 was measured for the first time even before it became clear that the Andromeda Nebula was a galaxy (Slipher 1913) , and it was then already shown to be moving towards the Milky Way. Ever since, measuring its proper motion or transverse velocity has proven to be much more complicated, and more than a hundred years after this first line-of-sight velocity measurement, the transverse velocity remains hard to constrain reliably.
In this respect, a first giant leap was made by van der Marel & Guhathakurta (2008, hereafter vdMG08 ) who used the line-of-sight kinematics of M31 satellites as a probe of the global transverse velocity of the M31 system. The key assumption in this work was that the satellites of M31 on average follow the motion of M31 through space. The Heliocentric distances to the M31 satellites were nevertheless not used in that study. This yielded a median transverse velocity of 42 km s −1 with a one standard deviation confidence interval 56 km s −1 , consistent with zero at the 1-sigma level.
Ideally, one would use direct proper motion measurements, based on well-defined point-sources such as water E-mail: jean-baptiste.salomon@astro.unistra.fr masers whose position with respect to background sources can be measured very accurately. This approach has been used with radio interferometry to measure the proper motion of M33 and that of IC10 (Brunthaler et al. 2007 ). Unfortunately, however, most Local Group galaxies do not contain known masers, and it was only recently that five masers were discovered in M31 (Darling 2011) . To date, no proper motion for M31 has been published based on these masers, which are located along the star-forming ring. In any case, when such measurements become available, it will be necessary to properly model the annular structure of the star-forming ring, to link the kinematics of the masers to that of the galaxy as a whole.
The proper motion of M31 itself was measured for the first time by Sohn et al. (2012) with Hubble Space Telescope (HST) data with 5-7 year time baselines in three fields, using compact galaxies as background reference objects. The surprising result of this study was that the transverse velocity was found to be 17 ± 17 km s −1 , consistent with a purely radial orbit .
While being an extremely impressive technical tour-deforce, the Sohn et al. (2012) study had to make several assumptions that could have led to a biassed result. The three fields probed in that contribution possess stellar populations with very different kinematics: primarily the extended M31 disk, their so-called "disk" field, the stellar halo in their "spheroid" field, and the Giant Stellar Stream in their "stream" field. Sohn et al. (2012) modelled the kinematic behaviour of these components to access the under-lying M31 transverse motion. However, it is clear that the kinematics of these populations are currently not fully understood, and this introduces significant model-dependent uncertainties into their result. Their final proper motion value is derived from a weighted average of the data in all three fields, but given the uncertainties, it is the "spheroid" field that contributes most significantly to that final value. Inspection of star-counts maps (e.g. Ibata et al. 2014) shows that the "spheroid" field lies at the edge of an inner shell-like structure, where several kinematic substructures have been identified (Gilbert et al. 2007) . If the field contains a substantial fraction of stars that do not belong to the spheroid (which is assumed to share the average motion of M31), this could seriously affect any derived proper motion measurement.
Further concerns include colour-dependent point spread function differences between the reference population and the stars of interest, and the variation and degradation of the HST cameras over time.
The astrophysical implications of this measurement are immense, so we judged it to be important to undertake a completely independent estimate of the M31 transverse motion using a different method to Sohn et al. (2012) . Furthermore, since we are primarily interested in recovering the past history of the Local Group, we desire to uncover the motion of the M31 system of galaxies rather that just the motion of M31 itself. After all, the disk galaxy may itself be moving in an orbit within the larger structure. Given that a large number of new M31 satellite galaxies were discovered as part of the PAndAS survey (McConnachie et al. 2009; Martin et al. 2013) , we embarked on the present project to use these halo tracers together with a new maximum likelihood method to probe the transverse motion of the M31 system.
In Sect. 2, we describe our method in detail, and test it on cosmological simulations of Local Group analogs. The method is then applied to actual observations of the M31 satellite system in Sect. 3 where we present our results. Conclusions are drawn in Sect. 4.
METHOD

Basic idea
We build on the approach devised by van der Marel & Guhathakurta (2008) , using precise information on the phase-space distribution of the satellite system of M31 to infer the proper motion of the host. The key ingredient which allows us to derive a precise value of the transverse velocity is the use, for the first time, of precise distances for the satellite galaxies of M31 (Conn et al. 2012 ) plus a greater number satellites thanks to recent discoveries.
The Heliocentric velocity vector v sat,i of each i th satellite galaxy with respect to the Sun can be decomposed into
where v M31 is the velocity of M31 w.r.t. the Milky Way, v pec,i the peculiar velocity of the satellite in the frame of M31, v LSR is the circular speed of the Local Standard of Rest (LSR) at the Solar position in the Milky Way, and vpec, the peculiar velocity of the Sun w.r.t. the LSR. We use for these values a combination of the peculiar motion derived in Schönrich et al. (2010) and of the total tangential motion from Reid et al. (2014) using the Galactocentric distance of Gillessen et al. (2009) . The line-of-sight component of the velocity of M31 is also taken from de Vaucouleurs et al. (1991) . In the following, we will use a frame centred on the Sun with the z-axis pointing towards M31, the x-axis pointing to the East, and the y-axis pointing to the North. The two unknowns we are searching for are thus vM31x and vM31y.
The peculiar velocity v pec,i of a satellite galaxy is seen as coming from the equilibrium velocity distribution around the host. The dark matter profile of the host, within which the satellites orbit, is taken to be given by a NFW profile (Navarro et al. 1997 ) with virial radius r200 = 300 kpc, concentration c = 12, and virial mass M200 = 1 × 10 12 M , corresponding to mean values of recent results (Watkins et al. 2010; Fardal et al. 2013) . We then consider the velocity distribution within this halo to be isotropic, which yields, after Eq. 14 of Lokas & Mamon (2001) :
where V200 is the circular velocity at the virial radius, s = r/r200 where r is the distance between the centre of the satellite and the centre of M31, g(c) = 1/(ln(1 + c) − c/(1 + c)), and Li2 is the dilogarithm function. A MCMC method (typically with 4 × 10 6 steps) is used to find the parameters vM31x and vM31y in Eq. 1 yielding the highest likelihood (L) weighted by the above dispersion, for the observed line-of-sight velocities and for the given 3D positions of the entire sample of satellites (nsat):
with vMCMC i the MCMC-method predicted velocity on the line of sight for satellite i, and v obs i , the observed line-ofsight velocity for the satellite i; Figure 1 provides a visual demonstration of how the method works.
Testing the method with cosmological simulations
First of all, we validate our method by applying it to the z = 0 snapshots of high-resolution cosmological simulations of Local Group analogs undertaken by the "ELVIS" collaboration (Garrison-Kimmel et al. 2014 The simple model described in Section 2.3 is used to make a realisation of 50000 satellites which are placed at the distance of M31, and set in motion such that the system possesses the mean motion measured in this contribution. Panel (a) shows the corresponding Heliocentric velocities, which contain a large signal from our motion around the centre of the Milky Way. Once this Solar motion is corrected for (panel b), the bulk motion of the system of satellites becomes apparent as an obvious velocity gradient along the direction of motion of the system (which is indicated by the black arrow). The angular positions (ξ, η) are given in terms of standard coordinates with respect to the centre of M31.
ELVIS : isolated halos
We first apply the method on the 24 isolated halos in ELVIS. Each of the halos is "observed" from 10 different points of view, randomly distributed on a sphere of radius 783 kpc, which corresponds to the MW-M31 distance we adopted. This gives a total of 240 "observed" systems. We place ourselves in the "observer" frame, where the z-axis is along the line of sight, and the x and y axes arbitrarily chosen while respecting the orthonormality of the coordinate system. For each "observed" halo, Markov chains of 2 × 10 6 steps are built. Means and uncertainties of the distribution of deviations of the recovered vx and vy w.r.t. the known ones of the ELVIS simulation, using as probes the 39 most massive satellite halos within a given limiting radius R lim in the frame of the host. Grey points correspond to the application of the method to 240 isolated halo "observations", and red points to 24 halo pair "observations". The size of the points correspond to the limiting radius: r lim /r 200 = 1 for small points, r lim /r 200 = 2 for mediumsized points, and r lim /r 200 = 3 for the largest points.
We plot on Figure 2 the mean deviation of our recovered vx and vy parameters with respect to the known relative velocity of the isolated host w.r.t. the observer in the simulation (grey points). Different limits are used for the maximum distance from the host center, R lim , of the 39 satellites. The small, medium and large grey points correspond respectively to r lim /r200 = 1, r lim /r200 = 2 and r lim /r200 = 3 where r200 is the virial radius of the host halo.
The transverse velocity is better estimated for r lim /r200 = 2 than for r lim /r200 = 1. This is due to the fact that the method needs to sample a large range of lines of sight to be effective. However, this improvement stops being useful when the satellites are too far away from the host because they are not bound to it anymore. The optimum recovery is for r lim /r200 ∼ 2 with a distribution of deviations centred on the correct value to better than 10 km s −1 with 65 km s −1 uncertainties in both directions.
ELVIS: halo pairs
We now apply the same procedure to the 12 halo pairs of ELVIS. This time, the "observation" is made from the point of view of an observer located at the centre of the other halo of the pair. This again leads to 24 "observations" of satellite systems. In Figure 2 the mean deviation of our recovered vx and vy with respect to the true relative velocity is plotted in red. The optimum recovery is also attained for r lim /r200 ∼ 2, with a distribution of deviations centred on 15 km s −1 and σ = 55 km s −1 in both directions. This slightly smaller σ than in the isolated case is probably due to the limited influence of the environment in the halo pair case. The gravitational effect of the environment is dominated by the second halo in the pair configurations, while for the isolated halos it varies from case to case.
In summary, the performance of the proposed method is validated by these high-resolution cosmological simulations, and the associated typical error is very reasonable (∼ 55 km s −1 ) with respect to previous studies that used satellites (van der Marel & Guhathakurta 2008) to constrain the M31 proper motion. Moreover, these tests show that our method, which fits a spherically-symmetric halo model, works well even when applied to realistic triaxial haloes. Collins et al. 2013; Martin et al. 2014 ). The distances of 11 satellites are also extracted from the same papers, while that of the 25 other satellites have been estimated by Conn et al. (2012) . The distances of Lac I, and Cass III are taken from Martin et al. (2013a) and that of Per I from Martin et al. (2013b) . As explained in Section 2.1, we will work in a frame centred on the Sun, with the z-axis pointing towards the centre of M31, the x-axis pointing to the East, and the y-axis pointing to the North.
In order to further validate the method, we construct a simple three-dimensional model representing the M31 satellite system observed from a star orbiting in a neighbouring large spiral galaxy. We put 39 satellites in the mock M31 system exactly at the same position w.r.t. the host as in the observed case. The observer's galaxy is placed at a distance of 783 kpc, with the observer orbiting this galaxy at 8 kpc from its center, at a circular velocity of 220 km s −1 and an (arbitrary) peculiar velocity (U, V, W ) = (10, 10, 10) km s −1 . We then impose the relative velocity between the two large galaxies to be (i) v M31 = (−100, 100, 100) km s −1 , and (ii) v M31 = (0, 0, 100) km s −1 to check that a pure radial motion can be recovered by the method. The 39 satellites are located at the mean observed distances from the real M31 system, and a peculiar velocity is randomly drawn in 1000 models from a NFW profile with Eq. 2. First we use the same halo parameters as in the following MCMC fit, i.e. c = 12, r200 = 300 kpc and M200 = 1 × 10 12 M . As expected, we then recover in both cases (i) and (ii) the transverse component of v M31 with a typical maximum deviation of ∆vM31x = 2.4 ± 73 km s −1 and ∆vM31y = 0.1 ± 60 km s −1 , quite close to the values found in our tests with the ELVIS simulations. This demonstrates that, even with a sparse spatial sampling of only 39 satellites (with only one spatial realisation compared to the multiple realisations in ELVIS), the method recovers the true transverse velocity with no bias and a reasonable uncertainty.
Then, we check the robustness of the results to a mistaken choice of velocity distribution in Eq. 2. For this, we construct models with M200 varying from 0.7 to 2.0 × 10 12 M , concentrations from 8.0 to 20.0, and virial radii from 200 to 350 kpc. We then apply our MCMC method with the likelihood weighted by the dispersion coming from Eq. 2 with c = 12, r200 = 300 kpc and M200 = 1 × 10 12 M . The recovered M31 velocity only typically deviates by 0.3 km s −1 from the true ones, with the same dispersion as before. This means that an inadequate choice of halo parameters has a negligible impact on the uncertainties.
We also check the influence of distance uncertainties. We apply our method by using distances drawn from the observational PDF (from Conn et al. (2012) for 25 satellites and from Gaussian PDF built from the observational uncertainties for the others) at each step in our Markov Chains. The typical deviations induced by these uncertainties is only 0.6±0.1 km s −1 on ∆vM31x and 1.5±2.7 km s −1 on ∆vM31y. We will use this method based on the PDF for the application of the method to the true observations in the next section.
RESULTS
Complete sample of satellites
We use the MCMC method described in the previous section, with 4 × 10 6 steps, in order to find the parameters vM31x and vM31y from Eq. 1 yielding the highest likelihood weighted by the dispersion of Eq. 2 as in Eq. 3, for the observed line-of-sight velocities and for the given 3D positions of the satellites. What is used is actually the full PDF for the distances, taking into account the uncertainties. Each Markov chain will then begin with a random drawing among each of these distance PDFs. We use the halo parameters presented in Sect. 2.1 to obtain the σr i , using Eq. 2. We correct the peculiar velocities for the motion of the Sun using U = 11.1 (Schönrich et al. 2010; Reid et al. 2014) . Note that we draw a value for (U , V +VLSR, W ) at each step of our Markov chain in order to take into account the uncertainties on these parameters. Finally, we force the radial velocity of the M31 system, vM31z, to be the measured radial velocity of the M31 galaxy itself, corrected for the Solar velocity in that direction, i.e. −103.9±4.0 km s −1 . This prior is given as a gaussian PDF applied to each step of the Markov chain.
The first line of Table 1 yields the resulting corrected velocities: vM31x = -121.0 ± 69.6 km s −1 , vM31y = 80.1 ± 57.8 km s −1 , vt = 159.5 ± 62.4 km s −1 (modulus of the transverse component from vM31x and vM31y) and vM31z = -103.9 ± 4.0 km s −1 , i.e. the East, North, transverse and radial components respectively. These values are Galactocentric, i.e. they give the relative motion of the M31 system centre to the MW centre. The Heliocentric velocities, observed from the Sun, are respectively 23.6±69.6 km s −1 , 0.9±57.8 km s −1 , 82.6±43.8 km s −1 and −300.0±4.0 km s −1 . Note that the typical uncertainties yielded by the MCMC method are of the same order of magnitude as the typical dispersion of the results with respect to the true values in simulations, demonstrating the coherence of the method. These uncertainties are also very similar to those obtained by van der Marel & Guhathakurta (2008) when applying a different method to the M31 system. In their study, the smaller errors they quote result from measuring a weighted average mean to the results obtained by applying their method to different individual objects such as M33 and objects supposedly outside of the Local Group.
Relaxing the radial velocity constraint
In a second implementation, we relaxed the constraint on the radial velocity vM31z, which is now considered fully as a third unknown in Eq. 1. Line 2 of Table 1 gives the recovered Galactocentric velocities (vM31x = -111.0 ± 70.0 km s −1 , vM31y = 100.3 ± 59.8 km s −1 , vt = 164.5 ± 61.8 km s 
Andromeda considered as yet another
"satellite" in the halo satellite system
In a third implementation, which we consider as the most robust, we add M31 itself as an additional "satellite" in the halo with radial velocity -103.9 ± 4.0 km s −1 . The MCMC method is thus now applied to a system of 40 satellites. The distance of each satellite from the Sun is drawn at each step from the observational PDF on the distance. Then the distance to the M31 galaxy itself from the centre of the system is drawn from a gaussian PDF with 25 kpc dispersion, and the distance from each galaxy to the centre of the M31 system is then recomputed. In the case of the M31 galaxy, the distance to itself is obviously zero with no error, and the distance from the centre of the system is just drawn from a gaussian PDF with 25 kpc dispersion.
The resulting transverse and radial velocities of the M31 system are indicated in the 3rd line of Table 1 ( the whole M31 system overlaps at the one sigma level with the velocity of the M31 "satellite". This value is the least model-dependent one, and is based on the largest sample, meaning that the Galactocentric transverse velocity of 164.4±61.8 km s −1 is considered as our best estimate.
Influence of the plane of satellites
It has recently been claimed that approximately 50% of the satellite galaxies of M31 are confined to a Vast Thin Plane (VTP) of satellites . The presence of this structure could in principle bias our transverse motion estimates, so we decided to also apply the method to the 26 satellites that are not part of the VTP. The recovered values are listed in line 4 of . The one sigma errors from this and the previous estimations based on 39 and 40 objects are overlapping. Since the VTP has a North-South orientation, a lot of information has nevertheless been lost, and the North component vM31y has been the most affected.
Nevertheless, to be sure that a co-rotating plane cannot substantially affect the results, we have applied our method on satellite planes selected from the ELVIS simulations. Once again, the 24 isolated haloes are "observed" from 10 different MW-like points of view. We first define an edge-on plane of satellites, by selecting the set of 13 satellite haloes that have velocities most consistent with being in co-rotation with thickness < 20 kpc (but no mass criterion is used for the selection). The simulation is then rotated so that the plane is seen edge-on in the North-South direction to the fictitious observer. To obtain a full sample of 39 satellites, we complement the co-rotating sample by adding in the 26 most massive satellites from the simulation. This selection procedure therefore produces systems with an apparent co-rotating plane of satellites similar to that of M31, and with coherent dynamics. Note that the maximum distance of satellites from the host is always limited to 2 virial radii. We applied the method to the 240 observations. The mean deviation of our recovered vx and vy parameters with respect to the known relative velocity of the isolated host is ∆vx = −4.0±89.6 km s −1 and ∆vy = 52.1±87.6 km s −1 . The uncertainties are ∼ 15 km s −1 larger than those obtained in Section 2.2, which seems reasonable given that we have forced a correlation in the data. In the direction perpendicu- lar to the plane (vx), we recover the correct velocity, yet even in the direction parallel to the edge-on plane (vy), our strict selection has only a limited impact since the systematic deviation is smaller than the uncertainties. Consequently, we see that even with 13 satellites in a 3D co-rotating plane, the method is robust enough to find the tangential velocity of the host halo.
Influence of the satellites with high velocities
It was shown previously in section 2.3 that the assumed velocity distribution has little impact on the obtained result even when wrong values for the velocity distribution parameters in Eq. 2 are used. However, the true halo mass has another effect, namely its capacity to bind satellites. Given a certain halo profile, the speed of a satellite can be too high for it to be bound to the system, namely when it exceeds the escape speed
This can be the case for satellites that have just arrived and are passing by, or if they have undergone strong interactions involving a gravitational kick. In such a situation, the method clearly sees the given line-of-sight velocity of the satellite as an exception and attempts to minimize the deviation. Previous tests on cosmological simulations have shown that this was, in principle, not a big issue, mainly because such exceptions tend to compensate each other. We nevertheless decided to make a further measurement, restricting our sample to satellites with
following the criterion of McConnachie (2012) and ∆vM31z = −2.5±11.8 km s −1 . This is because the observational criterion to exclude galaxies depends on the line of sight, and on the actual orientation of the velocity vector of the satellite. We subtract theses systematic deviations from our obtained results, and report the final values in the final line of . Because of the reported systematic deviations that we had to subtract from our results, we consider this case less reliable than the previous ones. Indeed, a slight increase of the mass of the halo would allow almost all satellites to be bound, thus getting back to the previous cases, without any systematic bias on the result.
The effect of outliers in a sample can also be assessed in an automatic way (Sivia & Skilling 2006) . To this end, we adopted the "conservative formulation" of Sivia & Skilling (2006) , which involves a modification of the likelihood equation (Eq. 3), where the contribution of outliers are marginalized in the calculation:
where Ti = (vMCMC i − v obs i )/σr i . We first applied this method to the satellites of the 24 ELVIS isolated halos observed from 10 different MW-like points of view (as previously selected in Section 2.2). For the 2 parameters of interest vx and vy, we obtained the same central values.
The uncertainties are about 5 km s −1 larger than those calculated with the standard likelihood formulation (Equation 3). Then, to compare the two methods on the observations, we applied the "conservative formulation" to the complete sample of 40 satellites where the third parameter (vz) is also relaxed. (Sivia & Skilling 2006) , as it effectively reduces the information content of the data.
Summary of results
The above discussion motivates us to consider the samples with 39 or 40 satellites (i.e. the samples without object rejection) as the preferred configurations; the probability density functions derived from our MCMC chains from the analyses of these samples are shown in Figure 5 . The spatial distribution of corrected velocities, and velocity residuals for the full sample of 40 satellites is shown in Figure 3 . Along the direction of motion our method infers (arrow in panel b), one can notice visually a velocity gradient by eye. Once this model for the motion is removed (panel c) no large-scale pattern in the residuals is evident. It is interesting to note from panel (c) that after accounting for the bulk motion of the system, some of the kinematic coherence of the VTP is lost: while the VTP satellites to the South of M31 predominantly have negative velocities (blue), the Northern satellites no longer have large positive velocities (c.f. Ibata et al. 2013 ).
DISCUSSION AND CONCLUSIONS
We have shown that the method we have developed allows the three-dimensional velocity of the halo to be measured accurately. Our tests using the ELVIS suite of simulations gave rise to uncertainties on the transverse motion of less than 65 km s −1 , irrespective of whether the halos were isolated or in Local Group type pairs. The further tests, building models similar to the observations allowed us to demonstrate that the particular sky positions that the current sample of satellites are situated at, do not give rise to significant biases in the measured proper motion. Our model also showed that an incorrect estimate of the parameters of the NFW input model (M200, r200, c and three-dimensional position) has a negligible effect on our results. In contrast, the uncertainties on the three-dimensional motion of the Sun within the Milky Way can cause significant systematic errors. For instance, lowering the tangential motion of the observer by 35 km s −1 , causes the motion of the Andromeda system to fall by 15 km s −1 . Due to their enormous masses, the haloes of giant galaxies should dominate their environment, so we may expect it to be natural that the baryonic disk formed at the centre of this structure. This was the basis for our first set of measurements, where we analysed the motions of the 39 satellites, assuming that the radial velocity of the halo shares the radial velocity of M31 itself. In this way the motion of the system was established.
In a second set of measurements, we dropped the requirement for the radial velocity of M31 and the larger system to be identical. M31 was then considered to be just another satellite particle within this system. By analysing several selections of satellites, we are able to demonstrate the good coherence and stability of our results. When placed into the Heliocentric frame, our measurements are mostly in good agreement with the earlier study of vdMG08, see Figure 4 , based on a much smaller sample of satellites. However, we are forced to draw different conclusions to vdMG08, partially due to recent improvements in the determination of the Solar motion. The remaining differences are in the measurements themselves. In Figure 4 , the most discrepant of the measurements by vdMG08 from our results is that due to the "outer Local Group galaxy sample", and it is this estimate that contributes most to the vdMG08 weighted average. However, their outer Local Group galaxy sample consists of only 5 galaxies, and given the statistical nature of their test, there are strong grounds to be concerned about the tiny sample size. While the HST measurements shown in Figure 4 pertain to the motion of M31 rather than that of the whole system, we note that the HST Disk field measurement is completely consistent with our findings. As noted in Section 1, it is possible that the spheroid field could contain some unidentified kinematic substructure that biases that measurement, and current dynamical models of the Giant Stellar Stream may be incomplete.
Another interpretation of the kinematics of the M31 satellite system is that the observed velocity gradient reflects some intrinsic rotation of the halo. This possibility was explored recently by Deason et al. (2011) , who found the need for a rotation of v φ = (62 ± 34) (R/10 kpc) −1/4 km s −1 , where R is the projected radius from the axis of rotation. It seems difficult to disentangle such a rotation from a bulk motion such as that considered in the present contribution, as the two effects will be quite similar. However, we note that in Section 2.2, we calibrated our method against cosmological simulations that do have rotation, and found no significant bias. Moreover, in Section 3.4, when we artificially imposed the presence of a plane of satellites, we found only a slight effect, contained within the range of uncertainties, on the recovered tangential velocity.
